showed experimentally that the scaling law of the torque held true in cases of co-and counter-rotation of inner and outer cylinders.
In the turbulent vortex region, contributor to the Nusselt number and the torque coefficient are the advection, turbulent transport and diffusion terms. The knowledge of the contribution of these terms must give us more understanding of the heat and fluid flow in the turbulent Taylor-Couette flow. As the above mentioned relations, Nu= C(Ta 2 (1-)/) n and G=K(Ta 2 (1-)/)  are results caused by the three terms, the contribution of each term has to be clarified. Previous numerical studies have revealed fine structures of the flow but their findings do not connect directly to estimating the contribution of these three terms. Kasagi and Fukagata (2006) extended the idea of the FIK identity derived by Fukagata et al. (2002) to the heat transfer in turbulent channel flow and showed that the Nusselt number could be decomposed into the laminar and the turbulent heat flux parts. Iwamoto et al. (2009) proposed new identity for skin friction coefficient in plane boundary layer with zero pressure gradient. Eckardt et al. (2007) derived an equation with respect to the azimuthal velocity in the Taylor-Couette flow.
In this paper, contributions of the advection, turbulent transport and diffusion teams to the Nusselt number and the torque coefficient in the Taylor-Couette flow are evaluated by the following procedure. First, adopting the above mentioned ideas for the Taylor-Couette flow gives two equations in which the Nusselt number and the torque coefficient are decomposed into the advection, turbulent transport and diffusion terms, which is the first time in the open literature as far as the authors' knowledge. Next, large eddy simulation for Ta =4000 and 8000 is performed to obtain the data of the velocity and temperature fields. Finally, the contributions of each term are calculated by adopting the two equations for the field data. Figure 1 shows the Taylor-Couette flow passage of this study. The cylinder axes are aligned with the z axis of the cylindrical coordinate system in which r and  denote radial and azimuthal coordinates, respectively. The inner cylinder with radius r i rotates at a constant angular velocity, , while the outer cylinder with radius r o is at rest. The flow passage has height of H (=r o -r i ) and the inner cylinder is heated by a constant and uniform heat flux of q i and outer cylinder is cooled by a constant and uniform heat flux of q o =-q i r i /r o . The coefficient of r i /r o appears in order to keep mean fluid temperature constant in the axial direction. Kasagi and Fukagata (2006) showed the Nusselt number could be decomposed into the laminar and turbulent transport terms in the turbulent channel flow by integrating the energy equation twice. In this study, similar procedure is applied to the energy equation in the Taylor-Couette flow.
Nomenclature

Equation for estimating the contribution terms to the Nusselt number
Under the assumption of axial symmetry and constant property, the energy equation becomes as follows:
(2-1)
Taking time and spatial (in -z plane) average of Eq. (2-1) under steady state gives Eq. (2-2) in which    denotes the spatial average in -z plane.
As periodic boundary condition is imposed in z direction, the second term in Eq. (2-2) can be eliminated. In addition, as the surface average in -z plane is independent of r because of the axial symmetry, Eq. (2-2) becomes as follows:
Before dividing T u r in Eq. (2-3) into the time-averaged and fluctuation components, we discuss about time and space averaging. Let  be the field quantity which is decomposed into the time-averaged component,  , and fluctuation component,
As the time averaged flow field in the Taylor-Couette flow has three dimensional structure due to the Taylor vortex as  ｒ Ohsawa, Murata and Iwamoto, Journal of Thermal Science and Technology, Vol.11, No.2 (2016) shown in schematic by Fénot et al. (2011) , the time averaged field quantity  is divided into the surface averaged component in -z plane,   , and the deviation from it, ~. 
(2-7)
From first line to second line, we used
By substituting  1 =u r and  2 =T in Eq. (2-7), T u r can be decomposed into the advection and turbulent transport terms. 
The boundary condition on the inner cylinder is as follows: 
(2-11) Substitution of Eq. (2-11) into Eq. (2-10) gives Eq. (2-12).
In Eq. (2-12), terms in the parenthesis of the left hand side are the advection, turbulent transport and diffusion terms, respectively. As q i is constant, Eq. (2-12) shows that the summation of the three terms is constant across the radial direction. Integrating Eq. (2-12) from the inner cylinder to the outer cylinder gives Eq. (2-13). 
Ohsawa, Murata and Iwamoto, Journal of Thermal Science and Technology, Vol.11, No.2 (2016) The definition of the Nusselt number is as follows:
As shown in Eq. (2-14), the temperature deference of this study is defined by the values on the inner cylinder and the outer cylinder, which corresponds to the definition of the experimental study (Tachibana et al., 1960) . Substituting Eq. (2-13) into Eq. (2-14) gives Eq. (2-16), in which the Nusselt number is decomposed into the advection, turbulent transport and diffusion terms. Numerical integration of the right hand side terms in Eq. (2-16) allows evaluating the contribution of these three terms to the Nusselt number. Iwamoto et al. (2009) proposed new identity for skin friction coefficient in the plane boundary layer with zero pressure gradient. This identity was derived by integrating Reynolds-averaged Navier-Stokes equation twice. In this study, similar procedure is applied to the skin friction in the Couette flow at first and then applied to the torque coefficient in the Taylor-Couette flow. Figure 2 shows boundary conditions and coordinate system of the Couette flow. Lower wall at y=0 is fixed and upper wall at y=H moves with the velocity of U w in the x direction. The spanwise direction is z and velocity, w, is zero.
Equation for estimating the contribution terms to the torque coefficient
Reynolds averaged Navier-Stokes equation for the Couette flow becomes as follows:
Boundary conditions on the lower wall are as follows: z, w=0 Ohsawa, Murata and Iwamoto, Journal of Thermal Science and Technology, Vol.11, No.2 (2016) Integrating Eq. (3-3) again from y=0 to H gives Eq. (3-4).
Dividing both sides of above equation by 2 ) 2 / 1 ( w U  and using following definition for friction coefficient, C f , give Eq. (3-6) which is the equation for the friction coefficient.
The procedure mentioned above is applied to the torque coefficient in the Taylor The terms on the left hand side in Eq. (3-11) are the advection, turbulent transport and the diffusion terms. Equation (3) (4) (5) (6) (7) (8) (9) (10) (11) shows that the summation of the three terms is constant across the radial direction, because J is constant and indifferent to r as shown in Eq. (3-8) .
Integrating Eq. 
Numerical integration of Eq. (3-14) enables evaluation of the contribution of each term to the torque coefficient.
Numerical procedure of large eddy simulation and the results
Large eddy simulation was performed in case of Ta =4000 and 8000 for which the flow was in the turbulent vortex region. Computational domain and boundary conditions are shown in Fig.1 . The annular flow passage has a constant height of H=r i -r o =2, axial length of L=9H, radius ratio =0.87. According to Balicon et al. (1979) , azimuthally uniform structure was found beyond Ta=2890. As the Taylor number in this study was higher than this value, computational domain size was adopted to be 90 degree in the circumferential direction in order to reduce computational load. Periodic boundary conditions in the axial and the circumferential directions were applied to achieve fully developed flow. In order to verify the present computational procedure, comparison was made with the results of spectral method at the identical condition of =0.5 and Ta =8000 (Dong, 2007) and good agreement was already confirmed in the mean velocity and turbulence statistics (Ohsawa et al., 2015) . Continuity, Navier-Stoke and energy equations of this study are Eq. Prandtl number, Pr, was set to 0.71 and turbulent Prandtl number, Pr t , was set to 0.9 (Kawamura and Iwamoto, 2010) . Although the value of the turbulent Prandtl number of SGS (sub-grid scale) model was higher than the usual value, for high grid resolution in the present computation, the volume in which the SGS viscosity exceeded 10% of the molecular viscosity was less than 2% of the total computational domain volume for both Ta =4000 and 8000. Therefore, the effect of the turbulent Prandtl number of SGS model was minor and the results were hardly changed by this difference. The Lagrangian dynamic subgrid-scale model was adopted in which C s was averaged along path line for a certain distance (Meneveau et al., 1996) , and subgrid-scale viscosity,  sgs , was calculated. The dimensionless coefficient for calculating the time scale was set to 1.5 which is the same value as the original paper. Finite volume method was adopted and OpenFOAM (ver.2.2.1) was used for the computation. Crank-Nicolson method was adopted for time advancement of all variables. The structured grid was adopted and the grids were contracted to the inner and outer cylinders in the radial direction, while those in the circumferential and axial directions were equally spaced. The computation was performed on FX10 (Information Technology Center, the University of Tokyo). Table 1 shows grid number, grid resolution, time step, Nusselt number and torque coefficient, in which we can confirm grid-resolution independency in the results of the Nusselt number and the torque coefficient. In this calculation, temporally 50,000 step computation, which corresponded to 25 revolutions of the inner cylinder for Ta =8000, was performed to calculate turbulence statistics after statistically steady condition was established. The parallel computation of this run for the turbulence statistics using 96 cores required 240 hours for Ta =8000 with the high grid resolution of 150x384x384. The differences between high and low grid resolutions are small: those for Nu and C M are less than 0.6% and 1.2%, respectively. Table 1 Independency of grid resolution. Grid resolution is normalized by inner scale Fig. 3 Comparison of the Nusselt number with previous studies. Fig. 4 Comparison of the torque coefficient with empirical correlations. Solid line: empirical correlation by Bilgen and Boulos (1973) . Broken line: empirical correlation by Racina and Kind (2006) . Circle: present study. Figure 3 shows the comparison between present study and experimental studies in the Nusselt number which Fénot et al. (2010) reviewed. In the experimental studies, Nu was correlated to be C(Ta ２ (1-)/) n Pr  and C, n,  were determined by experiment. Figure 4 shows the comparison between present study and empirical correlations in the torque coefficient. Bilgen and Boulos (1973) 
Contribution of each term to the Nusselt number and the torque coefficient
Figure 5 (a) shows the radial profiles of the advection, turbulent transport and diffusion terms in Eq. (2-12). The line total keeps unity across the radial direction, which means the summation of the three terms is constant across the radial direction. Figure 5(b) shows the profiles for the Couette flow which is the result of the direct numerical simulation with temperature difference between lower and upper walls at Re=8600 obtained by Kawamura and Shingai (2002) . Features of the Taylor-Couette flow are described below in comparison with the Couette flow. First, the advection term is dominant for both Ta =4000 and 8000 in the Taylor-Couette flow, but in the Couette flow the advection term is zero and turbulent transport term is dominant. Second, the advection and turbulent transport terms in the Taylor-Couette flow are not symmetric with respect to the center of height as it does not have the symmetry with respect to the center of height. But the turbulent transport in the Couette flow is nearly symmetric with respect to the center of height. Third, the turbulent transport term is negative from 0.8 to 0.95 in the Taylor-Couette flow, which means that the heat is transported from the outer cylinder side to the inner cylinder side (in the reverse direction) by turbulence. But in the Couette flow the turbulent transport term is positive across the flow passage. The negative turbulent transport near the outer cylinder is characteristic feature in the Taylor-Couette flow and understanding of this mechanism is future problem. For both the Taylor-Couete and the Couette flows, the diffusion terms are dominant within the distance of 0.05 from the cylinders and the walls, but they are overtaken by the advection and turbulent transport terms in the region far from the cylinders and the walls. Kawamura and Shingai (2002) . Each term has reverse sign to the Taylor-Couette flow case because the y-axis in the Couete flow is directed from the stationary wall to the moving wall but the r-axis in the Taylor-Couette flow is directed from the rotating cylinder to the stationary cylinder.
(a) Taylor-Couette flow (present study) (b) Couette flow by Kawamura and Shingai (2002) Ta =4000 and 71.3% for Ta =8000. The increase of the Nusselt number from Ta =4000 to Ta =8000 is approximately equally contributed by both the advection term (16.2-14.0=2.2) and the turbulent transport term (4.4-1.7=2.7). The contribution of the diffusion term does not change (2.2-2.2=0). On the other hand, contribution ratio of the advection term decreases from 78.5 % to 71.3 % (-7.2 point), while that of the turbulent heat flux term increases from 9.4 % to 19.2 % (+9.8point). Figure 7 shows time-averaged velocity and temperature fields in r-z plane for Ta =4000. This figure is a close-up of three Taylor vortices. The working fluid receives heat from the inner cylinder by heat conduction and it is transported to the outer cylinder mainly by the advection due to the Taylor vortex. Near the outer cylinder, the working fluid releases the heat to the outer cylinder by heat conduction and its temperature becomes lower. This cooled working fluid in turn is transported mainly by the advection from the outer cylinder back to the inner cylinder from which it receives heat again.
Figure 8 (a) and Fig. 8 (b) show the profiles of each term in Eq. (3-11) for the Taylor-Couette flow and those in Eq. (3-3) for the Couette flow, respectively. The Couette flow case is the result of the direct numerical simulation at Re=8600 was obtained by Kawamura and Shingai (2002) . The situation of the momentum transfer in Fig. 8 is similar to the energy transfer of Fig. 5 . First, the advection term in the Taylor-Couette is dominant for both Ta =4000 and 8000, but in the Couette flow it is zero and turbulent transport term is dominant. Second, the advection and the turbulent transport terms in the Taylor-Couette flow are not symmetric with respect to the center of height, but in the Couette flow the turbulent transport term is nearly symmetric with respect to the center of height. Third, the turbulent transport Diff.
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Fig. 6 Contribution of each term to the Nusselt number. For Ta=4000, the Nusselt number is 17.9, in which the contributions of the advection, the turbulent transport and the diffusion terms are 14.0 (78.5%), 1.7 (9.4%) and 2.2 (12.1%), respectively. For Ta=8000, the Nusselt number is 22.8 and the contributions are just as described in this chart. term is negative from 0.8 to 0.9 for Ta =8000 in the Taylor-Couette flow, which means that the momentum is transported from the outer cylinder side to the inner cylinder side (in the reverse direction) by turbulence. But, in the Couette flow, the turbulent transport term is positive across the flow passage. The negative turbulent transport near the outer cylinder is characteristic feature in the Taylor-Couette flow, as is the case of the energy transfer. Figure 9 shows the contribution of each term to the torque coefficient calculated by numerical integration of Eq. (3-14) . The advection term is also major contributor to the torque coefficient, 76.4% for Ta =4000 and 56.9% for Ta =8000. But contrary to the Nusselt number which increases with the increase of the Taylor number, the torque coefficient decreases. This trend is similar to that of the Nusselt number and the friction factor with the Reynolds number in the Couette flow (Tsukahara et al., 2007) . The decrease of the torque coefficient from Ta =4000 to Ta =8000 is mainly attributed to the decrease of the advection term (0.96-2.01=-1.05, reduction of more than 50 point), which is major difference between the torque coefficient and the Nusselt number of which the advection term increases a little as mentioned in Fig. 6 . The turbulent transport term increases, which is similar to the case of the Nusselt number. Contribution ratio of the advection term also decreases from 76.4% to 56.9% (-19.5point) , while that of turbulent transport term increases from 13.9% to 35.1% (+22.5 point). The ratio of the diffusion term is not varied so much. (a) Taylor-Couette flow (present study) (b) Couette flow by Kawamura and Shingai (2002) 
Conclusions
Investigation on the contribution of the advection, turbulent transport and diffusion term to the Nusselt number and the torque coefficient in the Taylor-Couette flow was conducted theoretically and numerically, which led to the following results.
(1) Integrating the energy and the momentum equations in the Taylor-Couette flow twice gave equations in which the Nusselt number and the torque coefficient were decomposed into the advection, turbulent transport and diffusion terms, which was the first time as far as the authors' knowledge. (2) Large eddy simulation for Ta =4000 and 8000 were performed to obtain the data of the velocity and temperature fields. Adopting the equations obtained here for this field data led to the following results. First, the advection term was the main contributor for the Nusselt number and the torque coefficient. Second, the increase of the Nusselt number from Ta =4000 to Ta =8000 is approximately equally contributed by both the advection and turbulent transport terms. Third, the decrease of the torque coefficient from Ta =4000 to Ta =8000 is attributed to the large decrease of the advection term and the increase of the turbulent transport term. Finally, it was observed that the heat and the momentum were transported in the reverse direction by turbulence near the outer cylinder.
